Abstract. Retrievability of the admissible cycles and structures of the local bifurcations of the trivial solution of the networks constructed from admissible cycles are investigated. Using the method of steps, asymptotic analysis, and linear stability analysis, admissible cycles are proved to be retrievable in the networks constructed from them. Based on the linear stability analysis we obtain the scenario of all possible local bifurcations of the trivial solution for each network constructed from an admissible cycle, and accordingly, derive a complete description of the local bifurcations of the trivial solution. We illustrate numerically that, depending on the structural features, the admissible cycles are respectively stored and retrieved as attracting limit cycles, unstable periodic solutions and long lasting transient oscillations, and the transition from fixed points to the attracting limit cycle bifurcating from the trivial solution takes place through multiple saddle-nodes on limit cycle bifurcations.
etc.). Due to its broad applications, ring networks, which are rings of unidirectionally or bidirectionally coupled neurons, have been extensively investigated [44, 4, 6, 3, 24, 29] . In terms of the number of inhibitory connections, unidirectional ring networks can be divided into even and odd networks in accordance to the parity of the number of inhibitory connections [45] . It has been well known that odd networks are capable of generating sustained oscillations, and numerical simulations showed that although the theoretical results suggested eventual convergence of any solution trajectory in even networks [54, 24, 44] , long lasting oscillations can be very easily observed [44] . Pakdaman et al. [44] studied the asymptotic behavior of the system, and showed that the long lasting transient oscillations can not be explained by the analysis of the asymptotic behavior of the network. Horikawa et al and others [29, 30] studied different properties of the long lasting transient oscillations, such as the dependence of their durations on the number of neurons, effects of noise and variations on the durations of the long lasting transient oscillations in excitatory ring networks. Campbell and collaborators [59, 6, 3] studied the stability and bifurcations of both the trivial solution and the nontrivial synchronous and asynchronous periodic solutions bifurcating from the trivial solution in ring networks of bidirectionally coupled neurons. For the general continuous-time Hopfield-type neural networks of n neurons with different activation functions with and without delay, Cheng et al [8, 9] formulated the parameter conditions for the existence of the 2 n multiple stable stationary solutions, and estimated the basins of attraction of the coexisting multiple stable stationary solutions.
In [61] we studied the construction of a general class of the Hopfield-type networks from arbitrarily preselected binary cyclic patterns representing phase-locked oscillations [7, 24] . We formulated and proved the admissibility condition for cycles under which a Hopfield-type network can be constructed using the pseudoinverse learning rule [48] . In terms of the structural features, we divided admissible cycles into three classes: simple cycles, separable and inseparable composite cycles, and showed that in terms of the structural features of admissible cycles, the topology of the networks constructed from them can be determined. Networks constructed from separable cycles consist of isolated clusters, and each cluster corresponds to a simple cycle component. Consequently, the dynamics of such networks is fully determined by that of the isolated clusters respectively.
In this paper, we consider the continuous-time Hopfield-type networks that are constructed from admissible binary cyclic patterns using the pseudoinverse learning rule, and study the retrievability of admissible cycles, as well as the structures of the local bifurcations of the trivial solutions. While studies involving retrievability have been performed previously [20] in continuous networks without delay, no such studies have been done in networks with delay. In this paper, we give a rigorous mathematical definition of retrievability in continuous-time Hopfield-type networks with delay constructed from admissible cycles and prove that in the networks with both the gain scaling parameter λ and the delay time τ sufficiently large, any admissible cycle prescribed in a network can be retrieved. We analyze the linear stability of the trivial solution, and showed how the structural features of the prescribed cycle determine structure of the possible local bifurcations of the trivial solution. Accordingly, for each network constructed from an admissible cycle, the complete scenario of all possible local bifurcations of the trivial solution is obtained. With this scenario, we study structures of local bifurcations of the trivial solution and the periodic solutions bifurcating from the trivial solution using the MatLab packages MatCont 3.1 and DDE-BIFTOOL 2.03. We demonstrate that the cyclic patterns prescribed in the corresponding networks are stored and retrieved as different mathematical objects. Depending on their structural features, cyclic patterns are respectively stored and retrieved as attracting limit cycles, unstable periodic solutions bifurcating from the trivial solution, and the long lasting transient oscilla-tions [44, 29, 30] , which are suggested to be the consequence of the interactions among the unstable periodic solutions and stable/unstable steady state solutions.
The paper is organized as follows. In section 2, after a brief review of the main results about admissibility of cycles, classification of admissible cycles and network topology obtained in [61] , we prove that in networks with delay, admissible cycles are retrievable, and with both λ and τ sufficiently large, all admissible cycles satisfying the same transition conditions can be retrieved in the network constructed from the cycle imposing the transition condition. In section 3, we first present a detailed discussion on the boundaries of the stability region of the trivial solution, which enable us to determine all the possible codimension one local bifurcations of the trivial solution. Then with the numerical continuation and bifurcation analysis MatLab package, MatCont 3.1 and DDE-BIFTOOL 2.03, we continue to discuss structures of the local bifurcations of the trivial solution in networks constructed from admissible cycles with different structural features. We illustrate that admissible cycles are stored and retrieved in the networks with delay as different mathematical objects, attracting limit cycles, unstable periodic solutions and long lasting transient oscillations. In section 4, we discuss the significance and implications of our main results.
Retrievability of Admissible Cycles.
Before proving the retrievability of admissible cycles, we briefly review the main results obtained in [61] to provide the necessary background.
Hopfield-type networks and pseudoinverse learning rule.
In this paper, we consider the continuous-time Hopfield-type networks with delayed couplings of the following form (dots designate time derivatives) (2.1)u(t) = −u(t) + C 0 β K J 0 tanh(λu(t)) + C 1 β K J tanh(λu(t − τ ))
where β K = arctanh(β 1 ) λβ 1 and β 1 ∈ (0, 1) is a parameter for incorporating the prescribed cycle of binary patterns (column vectors) into the network [20, 61] , J 0 and J are network connectivity matrices for storing individual patterns in the prescribed cycle as fixed points and imposing the transitions between the memory states respectively, C 0 and C 1 = 1 − C 0 are the two parameters controlling the relative contributions of the two components of the network connectivities J 0 and J respectively, and λ is the gain scaling parameter [27] . The components u i (t), 1 ≤ i ≤ n, of u(t) = (u 1 (t), u 2 (t), . . . , u N (t)) T model the membrane potentials of the i-th neuron in the network respectively, I is the N × N identity matrix, and τ ≥ 0 is the time delay. For the convenience of notations, here and subsequently, we follow [61] and use the notation tanh(λu) = (tanh(λu 1 ),tanh(λu 2 ),. . . ,tanh(λu N )) T . Let v i = tanh(λu i ) model the firing rates of the i-th neuron 1 ≤ i ≤ n, then (2.1) can be written as
Following [48, 20, 61] , we denote a cycle of p N -dimensional binary patterns by Σ = (ξ (1) , ξ (2) , . . . , ξ (p) ) and the same cycle after cyclically shifting leftwards by one pattern by F = (ξ (2) , ξ (3) , . . . , ξ (p) , ξ (1) ), where ξ (µ) = (ξ
Thus, in matrix formulation, we have F = ΣP, where
Using the pseudoinverse learning rule [38, 48] , the two components of the network connectivities, J 0 and J, are respectively constructed as A cycle Σ is said to be admissible if it can be stored in a network in the sense that a connectivity matrix J can be constructed from Σ with the pseudoinverse learning rule (2.5) such that JΣ = F. In [61] , we have investigated storage of admissible cycles. It was proved that a cycle is admissible if and only if its discrete Fourier transform contains exactly r = rank(Σ) nonzero columns. In terms of the structural features, admissible cycles were classified into three categories, simple cycles, separable and inseparable composite cycles. The topology of the networks constructed from each type of the cycles was analyzed. In the next two subsections, we prove that admissibility implies retrievability in the networks with delayed couplings and appropriately chosen parameter values, and discuss the retrieval of different types of admissible cycles.
Retrievability of Admissible
Cycles in the Networks with C 0 = 0. Roughly speaking, by retrievability, we mean that the discretization of a solution u(t) of the network constructed from the cycle Σ coincides with the successive transitions of the binary patterns defined by Σ. In this subsection, we prove that for networks with C 0 = 0 and sufficiently large time delay τ in interneuron couplings, every admissible cycle is retrievable. We formally define retrievability of an admissible cycle, and, before proving the theorem about retrievability of admissible cycles, we prove one lemma we will need in the proof of this theorem.
Definition 2.1. Let Σ = (ξ (1) , ξ (2) , . . . , ξ (p) ) be an admissible cycle, and u(t) a solution of the network (2.1) constructed from Σ. We say that the solution u(t) satisfies the transition conditions imposed by the prescribed cycle Σ, if the solution u(t) starts from an initial data ϕ ∈ C = C([−τ, 0], R N ) with sgn(ϕ(θ)) = ξ (µ) for θ ∈ [−τ, 0] and some binary pattern ξ (µ) in Σ, and sgn(u(t)) = ξ (µ+n+1) mod p+1 for all t ∈ (nτ + T n , (n + 1)τ ) with some T n ∈ [0, τ ) and all n ∈ N, where C = C([−τ, 0], R N ) is the space of continuous real vector-valued functions on [−τ, 0] provided with the norm for any u ∈ C defined as follows, Lemma 2.3. Let ϕ ∈ C be defined such that ϕ i (θ) = 0 for all θ ∈ [−τ, 0] and every i = 1, . . . , N , then for any ǫ > 0, there exists a finite λ > 0 such that
where v(θ) = tanh(λϕ(θ)) with θ ∈ [−τ, 0], and ξ = sgn(ϕ).
Since lim x→∞ tanh(x) = 1, it follows that for any ǫ > 0, there exists some M > 0 such that
Next, based on the above Lemma, we prove that every admissible cycle is retrievable in the network constructed from it with C 0 = 0, and both λ and τ sufficiently large. For C 0 > 0, the prescribed admissible cycles may or may not be retrieved in the networks constructed from them. We will discuss the retrieval of admissible cycles in such networks in examples in Section 2.3.
Theorem 2.4. Every admissible cycle Σ is retrievable in the network constructed from it with λ sufficiently large and the time delay
Proof. We prove the assertion in two steps. First, we find an asymptotic approximation of the solution to the system (2.1) with initial conditions satisfying sgn(u(t)) = ξ (1) for all t ∈ [−τ, 0]. Second, we show the existence of a finite upper bound T * for the sequence of the T n 's in the Definition 2.1.
Let Σ = (ξ (1) , ξ (2) , . . . , ξ (p) ) be an admissible cycle with ξ (µ) ∈ {−1, 1} N for every 1 ≤ µ ≤ p. To retrieve the prescribed cycle Σ, without loss of generality, we start from the first binary pattern ξ (1) . That is, we randomly pick a constant initial data ϕ such that sgn(ϕ(θ)) = ξ (1) for every θ ∈ [−τ, 0]. In general, components of the initial data ϕ(θ) may have different scales, i.e. ϕ(θ) = diag(ε 1 (θ), . . . , ε N (θ))ξ (1) , where ε i (θ) ∈ (0, 1) for all i and θ. However, we have proved in the Lemma 2.3 that for any initial data ϕ ∈ C with its components ϕ i (θ) = 0 for all θ ∈ [−τ, 0] and every i, the effects of the different component scales ε i (θ) of ϕ(θ) on those of v(t) can be reduced as much as we want by setting λ sufficiently large. Thus, we set our initial data as
Thus, we obtain an initial value problem of the nonlinear system of delay differential equations (2.9)
To show that the prescribed admissible cycle Σ can be retrieved with τ sufficiently large, we apply the method of steps [17] and the variation of parameters on each time interval to find an asymptotic approximation of the solution to the nonlinear system (2.9).
First, we consider t ∈ [0, τ ). Substituting the initial data tanh(λu(t − τ )) = β 1 ξ (1) into the delay differential equations in (2.9) and considering the continuity requirement u(0) = ϕ(0), the initial value problem of delay differential equations (2.9) reduces to a simple initial value problem for the linear ordinary differential equation
To emphasize the difference between the initial value problems similar to (2.10) that are derived by constraining the system on the n-th time interval [nτ, (n + 1)τ ) with n ∈ N, and the original initial value problem (2.9), we call the initial value problem similar to (2.10) the derived initial value problem, and the corresponding systems of ordinary differential equations the derived system. Since the connectivity matrix J imposes the transition condition ξ (1) → ξ (2) , it follows that Jξ (1) = ξ (2) [48, 20, 61] . Also, because the function arctanh(x) is odd, it follows that arctanh(β 1 ξ (1) ) = arctanh(β 1 )ξ (1) . Thus, we get
,
A straightforward direct computation shows that the solution on the first interval [0, τ ) is
Thus, on the second interval [τ, 2τ ), we have the following initial value problem
)e −(t−τ ) into the delay differential equations, and considering the continuity of u(t) at t = τ , we get the derived initial value problem as follows (2.12)
Applying the variation of parameters, the i-th component of the solution to (2.12) can be written as
Since for any function f ∈ C 2 (R),
where f ′ (x) and f ′′ (x) designate the first and second order derivatives of the function f (x) with respect to x respectively, and if we denote
it follows that
j . Thus we get
Substituting (2.14) into (2.13) yields
i )e −τ )e −(t−τ ) + O(e −2(t−τ ) ).
Since Jξ (µ) = ξ (µ+1) , it follows that
Suppose for t ∈ [nτ, (n + 1)τ ),
Then for t ∈ [(n + 1)τ, (n + 2)τ ), we have the initial value problem (2.17)
with its solution (2.18)
and
where
(2.19)
Substituting (2.19) into (2.18) and simplifying gives
This shows that for t ∈ [(n + 1)τ, (n + 2)τ ),
Therefore, we have that for any n ∈ N, and t ∈ [nτ, (n + 1)τ ), (2.16) is an asymptotic approximation of the solution to the initial value problem defined on the interval [nτ, (n + 1)τ ).
Next, we show that for λ sufficiently large and τ > β 1 ln 2
, with β 1 ∈ (0, 1),
, i.e. the i-th component of the pattern ξ (n+2) to be retrieved is exactly same as the i-th component of the pattern ξ (n+1) that has already been retrieved in the preceding time subinterval ((n − 1)τ + T n−1 , nτ ), then in the present time interval [nτ, (n + 1)τ ), following from (2.16), we have
i.e., the i-th component of the pattern ξ (n+2) is successfully retrieved immediately. Therefore, without any loss of generality, we consider the "worst" case, i.e. ξ
Suppose for all t ∈ (nτ + T n , (n + 1)τ ) and every 1 ≤ i ≤ N , every component of the (n + 2)-th pattern in the prescribed cycle is retrieved successfully, i.e., sgn(u i (t)) = ξ
for every i. Then we have
Since the solution T n = t * − nτ of the equation
Tn is the intersection between the graphs of the functions of T n on left-and right-hand sides, and the slope of the function on left-hand side increases with the increasing n, it follows that if the sequence (T n ) ∞ n=0 converges, i.e., there exists a finite T = lim n→∞ T n , then for any n ∈ N and t ∈ (nτ + T, (n + 1)τ ),
and it implies that 
, it follows that for any fixed β 1 ∈ (0, 1), T is finite, as desired. Hence, this completes the proof.
Corollary 2.5. All admissible cycles in the set {Σ i ∈ {−1, 1} N ×p : JΣ i = Σ i P with J fixed} can be retrieved in the same network with connectivity matrix J.
Proof. Noticing that in the proof of Theorem 2.4, although the network is constructed from Σ, to guarantee that a cycle Σ i is retrievable in the same network, Σ i = Σ is not required. Instead, satisfying the transition condition JΣ i = Σ i P is the only requirement. Therefore, the assertion follows naturally. Remark 1.For the convenience of discussion, we call the cycles that can be retrieved and are not prescribed in the network the derived cycles.
Although Theorem 2.4 requires Σ to be the cycle prescribed in the network, i.e., the network is constructed from it, it is important to notice that Σ is not the only cycle that can be retrieved in the network. From Corollary 2.5, we have seen that any cycle satisfying the transition condition imposed by Σ can be retrieved in the network constructed from Σ. In the next example, we demonstrate that in the network constructed from a randomly chosen prescribed admissible simple cycle [61] (2.23)
in addition to the prescribed cycle (2.23), three other cycles can be successfully retrieved too. Example 1.Consider the network constructed from the cycle (2.23) using the pseudoinverse learning rule. The connectivity matrices J 0 and J are respectively constructed as J 0 = ΣΣ + and J = ΣPΣ + . Since if a cycle is retrievable in a network, the cycle itself has to satisfy the transition condi- tions prescribed in the network, to reveal how many cycles satisfy the transition conditions imposed by the cycle Σ, we investigate the evolutions of all binary state patterns ξ ∈ {−1, 1} 5 under the transition operation ξ → sgn(Jξ). In Figure 2 .1, we illustrate the evolution graphs of the binary state patterns. Following [48] , we represent each binary column vectors ξ ∈ {−1, 1} N by a decimal integer. Before converting binary vectors to decimal integers, the digit −1 in ξ is replaced by 0. For instance, ξ = (+, +, −, +, −) T is replaced by (1, 1, 0, 1, 0) first, then converted to 2 4 + 2 3 + 2 1 = 16 + 8 + 2 = 26.
The evolution graphs exhibit four loops. Direct calculations show that these four loops correspond to four cycles satisfying the transition conditions imposed by the prescribed cycle Σ. Labeling these four cycles by Σ 1 , Σ 2 , Σ 3 and Σ 4 respectively (see Figure 2 .1) yields the four equalities, JΣ i = Σ i P, i = 1, 2, 3, 4, where P is the cyclic permutation matrix of the form (2.3). For i = 4, P is of order 6, and for i = 4, P is of order 2. Clearly, the cycle Σ 3 is the prescribed cycle Σ. Figure 2 .2A and B respectively illustrate the retrieved time series in raster plots of the four cycles and the projections of their phase trajectories onto the three-dimensional (u 2 , u 3 , u 4 ) phase subspace. Both illustrations suggest that the four cycles are retrieved successfully. This confirms Corollary 2.5.
In next subsection, we discuss retrieval of prescribed and derived admissible cycles in the networks with C 0 > 0.
Retrievability of Admissible Cycles in the Networks with
In general, the connectivity of a network (2.1) contains two components [20, 61] , J 0 and J. One is for stabilizing individual patterns in Σ as fixed points of the system, and the other is for imposing the transitions among patterns prescribed by the cycle Σ. We use the two parameters C 0 and C 1 = 1 − C 0 to control the relative contributions of these two components in shaping the dynamics of the network. In Section 2.2, we proved in Theorem 2.4 that when only the transition component J is included, i.e. C 0 = 0, every prescribed cycle can be retrieved with appropriately chosen parameters values. For C 0 = 1, transition conditions imposed by the prescribed cycle Σ are completely removed. Consequently, no cycle is stored in such networks [48] , and we will not consider this type of networks here. In this subsection, we consider networks with 0 < C 0 < 1, and discuss retrieval of the prescribed cycles.
Theorem 2.6. Suppose a network of the form (2.1) is constructed from an admissible cycle Σ = (ξ (1) , ξ (2) , . . . , ξ (p) ), and in the (n + 1)-th time interval t ∈ [nτ, (n + 1)τ ), the solution of the network (2.1) satisfies sgn(u(t)) = ξ (µ) for some 1 ≤ µ ≤ p, then in the next time interval t ∈ [(n + 1)τ, (n + 2)τ ), β K β 1 ξ (µ+1) is an asymptotically stable equilibrium point of (2.1).
Proof. Since sgn(u(t)) = ξ (µ) for all t ∈ [nτ, (n + 1)τ ), following from Lemma 1, we may assume
. Thus, constraining ourselves in the (n + 2)-th time interval, i.e., t ∈ [(n + 1)τ, (n + 2)τ ), and substituting u(t − τ ) = β K β 1 ξ (µ) into the network (2.1), we obtain a nonlinear system of ordinary different equationṡ
Since Jξ (µ) = ξ (µ+1) [20, 61] , we have
Suppose u * is an equilibrium solution of (2.24); substituting u(t) = u * into (2.24) gives
Direct substitution shows that v * = β 1 ξ (µ+1) is a solution of the above equations. This shows that u * = β K β 1 ξ (µ+1) is an equilibrium solution of (2.24). Next, we show that the equilibrium solution u * = β K β 1 ξ (µ+1) is asymptotically stable on [(n + 1)τ, (n + 2)τ ). Let u(t) be a perturbed solution around the equilibrium solution u * , that is, u(t) = u * + δu(t). Thus,u(t) = δu(t). Linearizing the right hand side of the inhomogeneous system (2.24) around u * and substituting u * = β K β 1 ξ (µ+1) into the linearized system yield
where β = β K λ, and
Since the connectivity matrix J 0 and the identity matrix I commute, they are simultaneously diagonalizable. That is, if Q diagonalizes A, i.e.
, where ℜ(x) designates the real part of the complex number x, then (2.26)
Since J 0 = ΣΣ + is idempotent, the eigenvalues of J 0 are either 0 or 1. Thus,
Since β = arctanh(β 1 ) β 1 , and 0 < β 1 < 1, it follows that (2.27)
is a monotonically decreasing function of β 1 over the open interval (0, 1) and
is asymptotically stable over the interval t ∈ [(n + 1)τ, (n + 2)τ ), hence completes the proof.
Suppose the pattern ξ (µ) has been retrieved successfully in the (n + 1)-th time interval, i.e. sgn(u(t)) = ξ (µ) for t ∈ [nτ, (n + 1)τ ) neglecting the transient period. Substitute u(t − τ ) = β K β 1 ξ (µ) into (2.1) and consider the continuity of the solution at t = (n + 1)τ , we obtain the following derived initial value problem as follows (2.28)
Theorem 2.6 guarantees that in the next time interval, u * = β K β 1 ξ (µ+1) is an asymptotically stable equilibrium point. Therefore, if in the (n + 1)-th time interval, the solution u(t) entered the basin of attraction of u * in the (n + 2)-th time interval, then u(t) would be attracted to u * in the (n + 2)-th time interval. Accordingly, the next pattern ξ (µ+1) in the cycle Σ would be retrieved successfully. Next we follow Cheng et al. [8, 9] to adopt a similar geometric-based method to analyze the basin of attraction of the stable equilibria of the above derived nonlinear system (2.28). Let the right-hand side of (2.28) be denoted by
Next, we prove two simple but useful results. Lemma 2.7.Let J 0 be constructed from any admissible cycle Σ ∈ {−1, 1} N ×p using the pseudoinverse learning rule (2.4) . Then J 0 ii ≥ 0 for every i = 1, 2, . . . , N .
Proof. Let Σ = U ΛV * be the singular value decomposition of Σ, where Λ is an N × p diagonal matrix, and V * is the adjoint of V . Then Σ + = V Λ + U * , where Λ + is the p × N diagonal matrix obtained from Λ by taking the reciprocal of each non-zero element on the diagonal of Λ, leaving the zeros in place, and transposing the resulting matrix. Thus, if Λ = diag(σ 1 , σ 2 , . . . , σ k , 0, . . . , 0) with σ i = 0 for every i ≤ k, and k ≤ min{N, p}, then Λ + = diag(σ
U ij and U * ji are the entries in the place (i, j) and (j, i) in the matrices U and U * respectively. Since
where U ij is the modulus of the complex number U ij . Therefore, we have that
ii > 1, then there exist two points p i and q i with
which implies that the equation ∂ i f i (u) = 0 has two distinct solutions p i and q i with p i < 0 < q i only when C 0 βJ 0 ii > 1. This completes the proof. Remark 2.The last equality (2.30) implies that if C 0 βJ 0 ii > 1, then there exist two distinct real values p i and q i with
Therefore, if C 0 βJ 0 ii < 1 for every i, then the equation for equilibrium points f (u) = 0 will have only one solution. Direct substitution of u = β K β 1 ξ (µ+1) into the equation f (u) = 0 shows that β K β 1 ξ (µ+1) is the solution. Since in this case ∂ i f i (u) < 0 for all i and u ∈ R N , it follows that the unique equilibrium u * = β K β 1 ξ (µ+1) is globally asymptotically stable. Accordingly, we have the following Theorem. Theorem 2.9.Suppose C 0 βJ 0 ii < 1 and τ is sufficiently large in comparison to the time span of the transients. Then any admissible cycle is retrievable, and any cycle satisfying the transition condition imposed by the prescribed cycle can be retrieved in the network constructed from the prescribed cycle.
1} N for all µ ∈ N, and the "forcing term"
in (2.29) vertically shifts the curve of the function (see Figure 2 .3A, B and C) [61] 
must intersect with the horizontal axis at three distinct points. Accordingly, iff i (p i ) < 0 andf i (q i ) > 0 for every i, then the derived system in (2.28) has 3 N equilibria. Moreover, with further constraints on parameters, 2 N of these 3 N equilibria become asymptotically stable. A similar result has been proven in [8] , and using the same arguments as in [8] , we can prove the following two lemmas. For the sake of the presentation, we summarize the three parameter conditions as (H 1 ):
where η j is chosen such that tanh 2 (λη j ) = min{tanh 2 (λu j )|u j =č j ,â j } withč j andâ j defined exactly same as [8] , and i = 1, 2, . . . , N . Clearly,f i (u i ) andf i (u i ) are respectively the upper and lower bounds for the function f i (u). Depending on the values of C 0 and β, the curve f i (u) may intersect with the u i (t) axis in one, two or three points. For C 0 βJ 0 ii > 0, let u i = p i and take ξ 
where β = arctanh(β 1 )/β 1 , and β 1 ∈ (0, 1). For the saddle-node bifurcations of the derived system in (2.28) occuring at u i = q i , the equation for the bifurcation curve can be obtained similarly by taking u i = q i = −p i and ξ
The simple direct calculation shows that the equation is exactly same as (2.32). Therefore, we use it for finding the parameter values of both saddle-node bifurcations.
We numerically solve the above equation (2.32) for C 0 with values of β between 1 and 5. The red curve in Figure 2 .3D illustrates the solutions (β, C 0 ) for β ∈ (1, 5] . It is very interesting to notice that numerically this curve coincides with the curves of the multiple saddle-nodes on limit cycle bifurcations in the networks (2.1) with ring topology with one inhibitory connection and without transmission time delay. In Figure 2 .3D, we use the background with different grayscales to indicate the regions in the β-C 0 parameter plane in which the corresponding networks (2.1) with ring topology with one inhibitory connection have 1 (white background), 3 or 1 (light gray backgound), and 3 N (dark gray backgound) equilibria. As we will see in the next section, a multiple saddle-nodes on limit cycle bifurcation [28] and several saddle-note bifurcations occur on the boundary between the lightgray and dark-gray regions. The multiple saddle-nodes on the limit cycle bifurcation breaks the limit cycle, and both bifurcations create all of the rest equilibria in the networks without transmission delay. We will discuss this in more details in Section 3. In the next example we show that it is the saddlenode bifurcation in the system (2.28) that breaks the successful retrievals of the prescribed cycles, and we also compare this bifurcation with the multiple saddle-nodes on limit cycle bifurcation in the corresponding network without transmission delay.
Example 2.In order to compare the saddle-node bifurcation of the derived system in (2.28) with the multiple saddle-nodes on limit cycle bifurcation in the corresponding network without transmission time delay, we consider the networks constructed using the pseudoinverse learning rule from the following admissible cycle, The network is constructed as follows (2.34)
It is easy to verify that only two cycles are stored in this network, one is the prescribed cycle (2.33), the other is the cycle of the two patterns, (−, +, −) T and (+, −, +) T . In Section 3, we will show in the numerical continuation computations that in this network the prescribed cycle Σ is stored as an attracting limit cycle. In Figure 2 .4A, B, C and D, we respectively illustrate 180 phase trajectories starting from the randomly chosen initial data which are very close to the origin in simulations in the networks with (A, C) and without (B, D) transmission delay. The trajectories converging to the same first binary pattern are plotted in the same color. The light-gray arrow in Figure 2 .4A indicates the point at which t = τ . At this point the delay term C 1 β K J tanh(λu(t − τ )) in the system (2.1) ceases being fixed, and the trajectory starts to evolve towards the point corresponding to the binary pattern (−, +, +) T and labeled with a dark-gray arrow. Here, we avoid calling the point equilibrium, because although after the saddle-node bifurcation in the derived system (2.28) an attracting node does exist around the point, it does not exist before the bifurcation. However, in the region around this point, the system behaves like that in the neighborhood of a saddle. The trajectory approaches the point, and then moves away from it. In contrast, in the network without delay, there is no such a period as in the network with delay before t = τ (the arch between the starting point and the point labelled with the light-gray arrow). The phase trajectories of the networks without delay directly approach the point at which a saddle-node on limit cycle bifurcation occurs when the parameter values move across the bifurcation curve. Therefore, in Figure 2 .4B along the purple representative phase trajectory, there is no point corresponding to that labelled with a light-gray arrow in Figure 2 .4A. This is the most significant difference between the corresponding phase trajectories in the two networks. Using the Matlab packages for numerical continuation computations and bifurcation analysis, DDE-BIFTOOL and Matcont, we verified that each of the two purple representative phase trajectories in Figure 2 .4A and B converges to an attracting limit cycle (see Section 3 for details). In Figure 2 .4C and D we illustrate the phase trajectories (180 trajectories in each panel) in the same two networks with the parameter C 0 increased from 0.75 (A and B) to 0.76. Clearly, both networks stop retrieving the prescribed cycle. In Section 3, we will see that a multiple saddle-nodes on limit cycle bifurcation [28] occurs during the increase of C 0 in the network both with and without delay, which breaks the limit cycle corresponding to the prescribed cycle into 6 pairs saddles and nodes. In Figure 2 .4E, we illustrate the curves of the function (2.29) with ξ (µ+1) i = 1 (the upper solid and dashed curves) and −1 (the lower solid and dashed curves) respectively. When C 0 increases from 0.75 to 0.76, the graphs of the functions (2.29) move from the solid curves to the dashed curves, while the points f i (p i ) and f i (q i ) move across the horizontal axis, indicating that a saddle-node bifurcation occurs in the derived system (2.28). In order to visualize the portion of the curves close to the horizontal axis more clearly, in Figure 2 .4F we illustrate the portion of the solid and dashed curves in the region enclosed by a dashed gray box in Figure 2 .4E.
Bifurcations in Networks
Constructed from Admissible Cycles. In Section 2, we have proved that with appropriately chosen parameter values, every admissible cycle is retrievable. In this section, we show that the local bifurcation structures at the trivial equilibrium of the networks can be determined by the structural features of the cycles prescribed in the networks.
Linear Stability and Scenarios for Possible Local Bifurcations of the Trivial
To simplify the notation when it does not cause any confusion, we replacet by t. Thus, we get the rescaled system as follows
It is easy to verify that w * = 0 is an equilibrium solution of the above system. By expanding the right-hand side of the system into Taylor series in the neighborhood of the equilibrium solution w * = 0, and neglecting the nonlinear terms, the linearization of the rescaled system (3.1) is derived as follows (3.2)δ w(t) = A 1 δw(t) + A 2 δw(t − 1).
where A 1 = τ (C 0 βJ 0 − I) and A 2 = τ C 1 βJ. Suppose (3.2) has a solution of the form δw(t) = e σt φ with σ ∈ C and φ ∈ R N , and accordingly δw(t − 1) = e σ(t−1) φ. Substituting these two functions back into (3.2) gives
Let ∆(σ) denote the characteristic matrix of the linearized system (3.2), then
Thus, (3.3) can be rewritten as ∆(σ)φ = 0, and it has a nontrivial solution if and only if
which is called the characteristic equation. The solution set of the characteristic equation (3.4) forms the spectrum of the infinitesimal generator A of the strongly continuous semigroup {T (t)|t ≥ 0} of solution maps T (t) : C → C, where for every t ≥ 0, the corresponding solution map T (t) is defined by the relation w t (θ) = T (t)ϕ(θ) with the initial data ϕ(θ) ∈ C [16, 26] . As the connectivity matrices J 0 and J are constructed from the prescribed cycle Σ with the pseudoinverse learning rule (2.4) and (2.5), we have that J 0 and J commute [61] , and accordingly, J 0 and J are simultaneously diagonalizable [31] . Suppose Q is a nonsingular matrix which simultaneously diagonalizes the connectivity matrices J 0 and J. Thus, if the characteristic matrix has the diagonalization ∆(σ) = QKQ −1 , where
Suppose the prescribed admissible cycle Σ is separable, minimal and consecutive, then
and N ≤ p. Accordingly, we get (3.5)
Thus, the characteristic equation (3.4) becomes
Specially, for networks without transmission delay, the above characteristic equation reduces to
Suppose σ = α + iω, α, ω ∈ R, then following from (3.6), we have that
Thus, adding the first equation squared to the second equation squared gives (3.10) 
. Curves of characteristic roots with zero real part (A-D) and the curve of the double-zero characteristic roots (E)
. In A, B, C and D, the solid curves correspond to ni = 1 or 5; the dashed curves correspond to ni = 2 or 4; and the dash-dot curves correspond to ni = 3. For ni = 0, ℜ(σ) > 0 for all 0 ≤ C0 ≤ 1 and 1 < β, therefore no curve corresponding to ni = 0 is shown for β > 1 and 0 ≤ C0 ≤ 1. Solving the first equation for ω gives
In both C and D the dash-dot curve consists of two parts. On the top part, the characteristic roots σ move across the imaginary axis along the real axis, and on the right part, the characteristic roots σ move across the imaginary axis off the real axis. The open circle in D is the intersection of the two parts of the dash-dot curve, which is a double zero and suggests a Bogdanov-Takens bifurcation [13, 5, 19]. The dotted curve in E corresponds to the double zeros of the characteristic equation (3.6). The parameters for the curves shown in this
Substituting (3.11) into (3.10) gives the implicit equation for the curves of the characteristic roots with zero real part, (3.12)
In the case of networks without transmission delay, the above implicit equation reduces to (3.13)
Since P is a cyclic permutation matrix (2.3), eigenvalues of P are p-th roots ρ k = e 2kπi/p of unity, and its (k + 1)-th eigenvector has the general form v (k) = (1, ρ k , . . . , ρ (p−1)k ) T . In [61] , we have seen that the indices n i in the characteristic equations (3.6) and (3.7) are determined by the structural features of Σ. Specifically, if the cycle Σ annihilates the (k + 1)-th eigenvector, i.e. Σv (k) = 0, then k will not appear in the set of the N indices {n i |i = 1, 2, . . . , N }. Thus, the structural features of a cycle Σ determine the linear stability of the equilibrium points of the networks constructed from it by selecting the indices n i that appear in the corresponding characteristic equation (3.6) or (3.7), and hence indirectly determine the local dynamics of the networks with and without transmission delay.
Therefore, in general, for a given p, depending on how characteristic roots move across the imaginary axis on the curves defined by (3.12) or (3.13), a scenario of all possible local bifurcations of the trivial equilibrium solution of a network constructed from a simple cycle of length p can be obtained. Next, as an illustrative example, we show the scenario of all possible local bifurcations of the trivial equilibrium solution of the networks constructed from simple cycles of length p = 6 in Figure 3 .1.
The curves in panels A, B, C and D respectively illustrate the characteristic roots with zero real part for the transmission delay τ = 0, 0.2, 0.4, and 0.8. The solid and dashed curves correspond to purely imaginary characteristic roots, and n i = 1 or 5 and n i = 2 or 4 respectively. If the index n i = 1, 5 or n i = 2, 4 is "chosen" by the prescribed cycle, then when parameters of the network move across the corresponding curve, solid or dashed, transversely, a Hopf bifurcation would occur.
The dash-dot curve on the top of each of the four panels corresponds to zero characteristic roots, and n i = 3. Since no quadratic term appears in the Taylor expansion of the right-hand side of (3.1) around the trivial solution w * = 0, it follows that if the prescribed cycle "selected" n i = 3, and the parameters of the network move across the dash-dot curve on the top transversely, a pitchfork bifurcation would occur.
It is necessary to mention that the curve of zero characteristic roots is independent of the transmission delay τ , and an easy direct calculation shows that the explicit formula for this curve is (3.14)
C 0 = 1 + β 2β , and in this case n i = p/2, where p is not only just 6, it could be any even natural number with p/2 being odd. It is also not difficult to see that for n i = p/2, in addition to the dash-dot curve (3.14) on the top in every panel A, B, C and D, the equation (3.12) has other solutions. These "extra" solutions correspond to purely imaginary characteristic roots too. In C and D, these "extra" solutions are plotted in dash-dot curves on the right. Accordingly, if n i = 3 is chosen, then when parameters (C 0 , β) move across the curve of these "extra" solutions transversely, a Hopf bifurcation would occur. As the "extra" solutions change with the transmission delay τ , the curve of these solutions moves together with other curves corresponding to purely imaginary characteristic roots, and intersects with the dashdot curve on the top at one single point (open circle in Figure 3 .1D). At this point, the curve of the first (i.e. leftmost) "extra" solution terminates. Since the intersection point corresponds to a double zero of the characteristic equation (3.6), it can be verified through direct computations that at this point a codimension-two Bogdanov-Takens bifurcation occurs [13, 5, 19] . The points on the dotted curve in E correspond to these double zeros. In general, for networks constructed from admissible cycles with p even, Figure 3 .1 provides an overview of the scenario of all possible local bifurcations of the trivial equilibrium solution. If n i = p/2 is "chosen", then at the trivial equilibrium solution of the corresponding network, Hopf bifurcations, pitchfork bifurcation, and Bogdanov-Takens bifurcation would happen. If n i = p/2 is not "chosen", then at the trivial equilibrium solution, only Hopf bifurcations would happen. If n i = 0 is "selected", then all the solutions bifurcating from the trivial equilibrium, including the trivial equilibrium itself, are unstable.
Directly substituting ω = 0 into (3.10) and (3.11) gives n i = p/2. Since for networks constructed from admissible cycles with p odd, p/2 is not an integer, it follows that no index n i can be p/2, and accordingly, when the characteristic roots move across the imaginary axis, none of them passes through the origin. Thus, in such networks, no pitchfork bifurcation would happen, only Hopf bifurcations occur at the trivial equilibrium solution.
Since every network constructed from a separable cycle Σ consists of isolated clusters, and each of such clusters corresponds to a simple cycle associated with a generator of the prescribed cycle Σ [61] , it follows that the local bifurcations of the trivial solution of such networks are determined by the structural features of its simple cycle components.
For networks constructed from inseparable cycles, local bifurcation structures of the trivial equilibrium solution are much more complicated.
In the next subsection, we demonstrate how the structural features of the prescribed cycles determine the local bifurcation structures in examples. We demonstrate that prescribed cycles are stored and retrieved in the corresponding networks as different mathematical objects. Anti-symmetric simple MC-cycles [61] of size N × p with N = p/2 are stored and retrieved as the attracting limit cycles created from the Hopf bifurcation which occurs when the pair of the conjuate complex characteristic roots with the largest real part move across the imaginary axis transversely from the left. Simple MC-cycles of size N × p with N = p are stored and retrieved as transient oscillations that are purely due to the effects of the transmission delay. More complicated cycles, including simple cycles and inseparable composite cycles, both prescribed and derived, are stored and retrieved as either attracting limit cycles or transient oscillations induced by the delay.
Bifurcations in Networks
Constructed from Admissible Cycles. In Section 3.1, we have explained how the structural features of the admissible cycle prescribed in a network can be used to determine the local bifurcation structures of the network. In this subsection, we discuss the structure of the local bifurcations at the trivial equilibrium of the networks constructed from different type of admissible cycles.
Bifurcations in Networks Constructed from Anti-symmetric Simple MC-Cycles with N = p/2. Before discussing local bifurcations of the trivial solution of the networks constructed from antisymmetric simple MC-cycles with N = p/2, we recall two definitions from [61] . Remark 3.For example, the admissible cycle (2.33) discussed in Example 2 is an anti-symmetric simple MC-cycle of size N × p with N = p/2. Gencic et al. [20] have considered storage and retrieval of such cycles. Both numerical simulations and analog electronic circuit experiments demonstrated successful storage and retrieval of such cycles in Hopfield-type neural networks without delay. In [61] , we showed that networks constructed from such cycles are rings of unidirectionally coupled neurons (see Figure 3. 2). In such ring networks of N neurons, the connection from the first neuron to the N -th neuron is inhibitory, and except for this connection, all other connections are excitatory. It has been well known that for ring networks of unidirectionally coupled neurons, if the number of inhibitory couplings is odd, the ring networks can generate sustained oscillations, and such ring networks have been widely used in different areas ranging from digital circuits for variable-frequency oscillations [25] to models of nervous systems for generating rhythmic movements [12, 18] .
In this section, we show that in such ring networks, the prescribed anti-symmetric simple MCcycles with N = p/2 are stored and retrieved as attracting limit cycles. For the sake of better visualization, we choose the cycle (2.33) for illustrations.
Example 3.Due to its anti-symmetric structures, the prescribe cycle Σ annihilates the first, third, and fifth eigenvectors v (0) = (1, 1, 1, 1, 1, 1 
T of the cyclic permutation matrix P, where ρ = e πi/3 . Accordingly, it "selects" the indices n 1 = 1, n 2 = 3, and n 3 = 5 for the characteristic equation (3.6) or (3.7) of the network constructed from it with and without delay respectively. Figure 3 .3A shows the bifurcation curves of the network without delay. The solid curve is the Hopf bifurcation corresponding to n 1 = 1 and n 3 = 5, and the dashed curve is the pitchfork bifurcation corresponding to n 2 = 3. Since 0, 2, and 4 are not the n i indices in the characteristic equation (3.7), it follows that the limit cycle created from the Hopf bifurcation corresponding to n 1 = 1 and n 3 = 5 may be stable, and the Hopf bifurcation corresponding to n i = 2 and 4 could not occur in this network. Using the MatLab package MatCont 3.1, we numerically continue both the equilibrium solutions and periodic solution created from the trivial solution via the Hopf bifurcation. Both the analytic computations and numerical simulations confirm that the limit cycle created from the trivial solution via the Hopf bifurcation is stable. Numerical simulations (see Figure 1 in [61] ) show that the limit cycle satisfies the transition conditions imposed by the prescribed cycle (2.33). Moreover, numerical continuations ( Figure 3 .3C and D) also indicate that the prescribed cycle is retrieved as the attracting limit cycle (see the six nodes labelled by dark green pentagrams in panel D). Figure 3 .3E-H illustrate the results of the same analysis implemented in the network with delay. From the distribution of characteristic roots (F) and bifurcation curves (E), it is not difficult to see that delay changes structure of the local bifurcations of the trivial solution significantly. Especially, due to the interaction between the Hopf bifurcation (K,L) corresponding to n 2 = 3 and the complex conjugate characteristic roots with the second largest real part (J) and the pitchfork bifurcation, a codimension two Bogdanov-Takens bifurcation occurs in the network with delay, and this bifurcation can never happen in the network constructed from the cycle (2.33) without delay. In this network two cycles satisfy the transition conditions imposed by the prescribed cycle (2.33), one is the prescribed cycle, the other is the following derived cycle of periodic 2,
One can show that this derived cycle is retrieved as a unstable periodic solution, which does not exist in the network without delay. Figure 3 .3I illustrates the profile of this unstable periodic solution at C 0 = 0.73 and β = 2.0345. Figure 3 .3K and L illustrate the numerical continuations of this periodic solution.
Despite of the dramatic differences between the networks with and without delay, in terms of the "principal" Hopf bifurcation described above, which corresponds to n 1 = 1 and 5, and the conju-gate complex characteristic roots pair with the largest real part, delay does not change the qualitative structures of the local bifurcations of the trivial solution. Numerical simulations and continuation computation results (see panels G and H) show that a limit cycle is created from the trivial solution via the "principal" Hopf bifurcation. By checking the directin of the Hopf bifurcation, it can be shown that this limit cycle is stable, and by computing the overlap [20, 61] , it can be shown that this limit cycle corresponds to the prescribed cycle (2.33).
Remark 4.In addition to the network constructed from the antisymmetric simple MC-cycle (2.33) both with and without delay, we also analyzed the networks constructed from other anti-symmetric simple MC-cycles Σ 1 , Σ 2 , and Σ 4 both with and without delay. The three cycles are respectively generated from the anti-symmetric binary row vectors η 1 = (1, 1, −1, −1), η 2 = (1, 1, 1, 1, −1, −1,  −1, −1) , and η 4 = (1, 1, 1, 1, 1, −1, −1, −1, −1, −1) .
In Figure 3 .4 we summarize the structure of the local bifurcations of the trivial solution of the networks constructed from anti-symmetric simple MC-cycles with the four networks constructed from Σ 1 , Σ 2 , Σ 3 and Σ 4 , where Σ 3 is the cycle (2.33) and has been analyzed in details in Example 3.
Here we consider the networks without delay as special case of the networks with delay. As for a fixed p, all local bifurcations of the trivial solution that may occur in a network constructed from an anti-symmetric simple MC-cycle with N = p/2, are those whose bifurcation curves correspond to the curves shown here to the left of the Hopf bifurcation curve that intersects with and terminates on the pitchfork bifurcation curve.
All local bifurcation curves shown in Figure 3 .4 are computed with τ = 2.0ms. For bifurcations of individual networks, normal forms and unfoldings can be computed after reducing the networks onto their respective center manifolds. However, because these detailed technical computations are beyond our main goals of this paper, we would leave them elsewhere. Instead, here we summarize the structure of the local bifurcations at the trivial equilibrium solution of the networks constructed from anti-symmetric simple MC-cycles with N = p/2 as follows. Unless otherwise stated, the networks mentioned in the next two paragraphs are those constructed from anti-symmetric simple MC-cycles with N = p/2.
If N is even, only Hopf bifurcations occur at the trivial equilibrium solution. For networks without delay, only N/2 Hopf bifurcations occur at the trivial equilibrium solution, and the one corresponding to n i = 1 and p − 1 creates the attracting limit cycle corresponding to the prescribed cycle. For networks with delay, corresponding to each n i , infinitely many Hopf bifurcations occur at the trivial equilibrium solution, and among those corresponding to n i = 1 and p−1, the first creates the attracting limit cycle corresponding to the prescribed cycle.
If N is odd, both Hopf bifurcations and pitchfork bifurcation occur at the trivial equilibrium solution. For networks without delay, only (N − 1)/2 Hopf bifurcations occur at the trivial equilibrium solution, and the one corresponding to n i = 1 and p−1 creates the attracting limit cycle corresponding to the prescribed cycle. For networks with delay, infinitely many Hopf bifurcations occur at the trivial equilibrium solution, and among those corresponding to n i = 1 and p − 1, the first one creates the attracting limit cycle corresponding to the prescribed cycle. In networks both with and without delay, pitchfork bifurcation occurs when parameters move accross the curve (3.14), which is independent of the transmission delay τ . For networks with delay, corresponding to N = p/2, in addition to the pitchfork bifurcation, infinitely many "extra" Hopf bifurcation occurs too. These two bifurcations interact at the point depicted in Figure 3 .1E, which leads to a Bogdanov-Takens bifurcation.
Constructed from Simple MC-Cycles with N = p. In addition to the networks constructed from anti-symmetric simple MC-cycles with N = p/2, there is another type of networks which are rings of unidirectionally coupled neurons. They are networks constructed from simple MC-cycles with N = p. The only difference in terms of the network connections is that while every network constructed from anti-symmetric simple MC-cycles with N = p/2 has one inhibitory connection, all connections of the network constructed from anti-symmetric simple MC-cycles with N = p are excitatory.
This type of excitatory unidirectional ring networks have been extensively investigated recently (see for example [44, 24, 29, 30] etc.). Pakdaman et al. [44] showed that the long lasting oscillations presented in such networks that they referred to as the transient oscillations can not be explained by the analysis of the asymptotic behavior of the system. They considered the system of difference equations derived from the original system of delay differential equations. Such a system of difference equations can be used to approximate the original system of delay differential equations when the time scale under consideration is much larger than the characteristic charge-discharge time of the network. Pakdaman et al. showed that the long lasting oscillations presented in the original network correspond to the attracting periodic orbits in the descretized system of difference equations. Accordingly, they argued that the long lasting transient behavior observed in the original system of delay differential equations is due to the competition between the antagonistic asymptotic behavior of the original system and that of its descretized system. Both other properties of the transient oscillations and bifurcation structures of the excitatory unidirectional ring networks were investigated by many others in the past few years too (see for example [24, 29, 30] etc.).
Here, we may consider the networks investigated by Pakdaman et al [44] and others as a special case of our networks constructed from simple MC-cycles with N = p, in which C 0 = 0. We claim that the cycles retrieved in such networks corresponding to the prescribed cycles are transient oscillations described by Pakdaman et al [44] . Next, we briefly discuss in such networks how the prescribed cycles determine the local bifurcation structures of the trivial equilibrium solution.
Since the networks here are constructed from simple MC-cycles with N = p, all integers from 0 to p − 1 are indices appearing in the characteristic equations (3.6) and (3.7) of the networks both with and without delay. As we have shown in Section 3.1, pitchfork bifurcation, Hopf bifurcations, and Bogdanov-Takens bifurcation may occur in such networks. From both the characteristic equations (3.6) and (3.7), it is not difficult to see that for n i = 0, the characteristic root σ = 0 only when β = 1, but by its definition β = arctanh(β 1 )/β 1 and β 1 ∈ (0, 1), we have that β > 1 [61] . It follows naturally that for n i = 0, throughout the whole parameter space, there is always one characteristic root with positive real part. Therefore, all the solutions bifurcating from the trivial equilibrium, including the trivial equilibrium itself, are unstable [26] . Accordingly, the periodic solutions bifurcating from the trivial equilibrium are unstable.
Next, we prove two useful results. Lemma 3.3. Any network constructed from a simple MC-cycle with N = p has at least three equilibrium solutions.
Proof. Any network constructed from a simple MC-cycle has the following general form
where τ = 0 for networks without delay, and following [44] , the index i is taken modulo N + 1, i.e.
u N +1 = u 1 . We show that this network has at least the following three equilibria, u * = ±(u * , u * , . . . , u * ) T ∈ R N and 0 ∈ R N . It is trivial to verify that 0 is a solution. Therefore, we only consider the non-trivial solution here. Substitute the u(t) = u * into the network (3.15) gives a scalar equatioṅ
Let f (x) = x − β K tanh(λx), we have that lim
f (x) = ∞, and f (0) = 0.
Also, sinceḟ (x) = 1 − β(1 − tanh 2 (λx)), it follows that settingḟ (x) = 0 gives
Since β > 1, we have that f (x) has two distinct critical points x − and x + . Since f (0) = 0,ḟ (0) < 0, and lim x→±∞ḟ (x) = 1 > 0 it follows from the intermediate value theorem that f (x − ) > 0 and f (x + ) < 0, and this implies that f (x) has three roots. This proves the assertion. For the convenience of discussion, we denote the two non-trivial equilibrium solutions by u − and u + respectively. Next, we prove that these two non-trivial equilibrium solutions are asymptotically stable.
Lemma 3.4. Let u * > 0 be the positive solution of the equation x − β K tanh(λx) = 0. Then the non-trivial equilibrium solutions
Proof. Here we only analyze the local stability of the equilibrium u + , because the local stability analysis for u − is exactly the same.
Linearizing the original network (3.15) around the equilibrium u + giveṡ
Substituting the ansatz u = φe σt with φ ∈ R N into the above linearized equation leads to the characteristic equation as follows
For n i = 0, the above characteristic equation reduces to
Let σ = α + iω, then the above equation becomes
Thus, for networks constructed from simple MC-cycles, the situation is very similar to that Pakdaman et al described in [44] , and the unstable limit cycles bifurcating from the trivial equilbrium solution will stay in the boundary between the respective basins of attraction of the two non-trivial equilibrium points u − and u + , which has been proved to be a codimension one locally Lipschitz manifold containing the unstable equilibrium point u = 0 and its stable manifold [44] . Bifurcations in Networks Constructed from More Complicated Admissible Cycles. In the above two different cases, we have discussed the local bifurcations of the trivial solution of the two types of ring networks of unidirectionally coupled neurons. We showed that the prescribed cycles in the two different types networks are retrieved as different objects. In the networks with one inhibitory connection, i.e., in those constructed from anti-symmetric simple MC-cycles with N = p/2, the prescribed cycles are retrieved as the attracting limit cycles bifurcating from the trivial equilibrium via Hopf bifurcations. In the networks without inhibitory connection, i.e., in those constructed from simple MC-cycles with N = p, the prescribed cycles are retrieved as the so called long lasting transient oscillations. In this subsubsection, we continue to discuss the local bifurcations of the trivial solution of the networks constructed from more general and complicated cycles, and show that, in more general cases, both the prescribed cycles and the derived cycles stored in the same networks may be retrieved as either attracting limit cycles or the long lasting transient oscillations.
Although in general, the network constructed from a generic simple cycle may have complicated network topology, the way the prescribed cycle determines the structures of local bifurcations of the trivial equilibrium solution of the network by its structural features remains exactly the same. Next, we illustrate in a network constructed from a simple cycle that the anti-symmetric derived cycle is retrieved as the attracting limit cycle, and the prescribed cycle is retrieved as the long lasting transient oscillations.
Example 4.Consider the cycle Σ 3 in Example 1. Figure 3 .5 illustrates the evolution of the attracting limit cycle bifurcating from the trivial equilibrium solution. Since Σ 3 only annihilates the first eigenvector v (0) = (1, 1, . . . , 1) T ∈ C 6 of the cyclic permutation matrix P, it follows that the indices n i 's in the characteristic equation (3.6) are 1, 2, . . . , 5. Therefore, both Hopf bifurcations, and pitchfork bifurcation may occur. In Figure 3 .5E, the curves on which these bifurcations may occur are shown as gray curves and the black curve on the left. The black curve on the left corresponds to the conjugate characteristic roots pair with the largest real part move across the imaginary axis transversely. Therefore, when parameters move across this curve, an attracting limit cycle may bifurcate from the trivial solution. In panels A and B, we numerically compute solution trajectories starting from randomly chosen constant initial data ϕ(θ) ∈ C([−1.0, 0], R 5 ), and in panel F we track both the periodic solution and the non-trivial equilibrium solutions corresponding to the binary patterns in the derived admissible cycle Σ 1 in Example 1 with DDE-BIFTOOL. Both simulations (A-D) and numerical continuation computations (F) confirm the arising of the attracting limit cycle, and illustrate that the attracting limit cycle corresponds to the anti-symmetric, simple, and consecutive but not minimal cycle [61] Σ 1 in Example 1. Meanwhile, (see Example 3 too) as the Hopf bifurcation corresponding to n 3 = 5 = p/2 does occur in this network, the cycle Σ 4 shown in Figure 2 .2A is retrieved successfully in this network too, and it is retrieved as the unstable periodic solution along the symmetric diagonal line {u ∈ R 5 |u = (u, −u, u, −u, u)}.
In [61] , we have seen that networks constructed from separable cycles consist of isolated clusters, and each cluster corresponds a simple cycle component. Accordingly, not only the local bifurcation structures of the trivial equilibrium solution, but also the dynamics of the networks are completely determined by its simple cycle components. Therefore, next we close our discussions on determination of the local bifurcation structures of the trivial equilibrium solution with a network constructed from an inseparable admissible cycle.
Example 5.Consider the network constructed from the following cycle
Since the vector space spanned by the set of all cyclic permutations of the third row η 3 , which is called the loop generated by η 3 in [61] , is contained in the vector space spanned by the set of all cyclic permutations of the first two rows η 1 and η 2 , and η 3 is linearly independent of η 1 and η 2 , it follows that Σ is a inseparable composite MC-cycle [61] . Direct computations show that the prescribed cycle is the only cycle satisfying the transition conditions imposed by the prescribed cycle itself. Figure 3 .6 illustrates the simulative solutions (A), continuation of the limit cycle bifurcating from the trivial solution via the "principal" Hopf bifurcation (B), and the curves of all possible local bifurcations of the trivial solution (C). For C 0 = 0.71, β = 2.0, when the delay time τ = 0ms, the solution trajectory approaches the attracting limit cycle created by the "principal" Hopf bifurcation. When increase τ , the solution trajectory starts deviating from the attracting limit cycle (see the gray curve in panel A for example), and becomes more and more close to the prescribed cycle (see the blue curve in panel A). However, during this process, only one "extra" Hopf bifurcation occurs, which creats one unstable limit cycle, and four non-trivial equilibria are created via one pair of saddle-node bifurcations. We compared the successfully retrieved cycle, which corresponds to the prescribed cycle Σ, with both the attracting limit cycle created via the "principal" Hopf bifurcation corresponding to n 1 = 1 and n 3 = 5, and the unstable limit cycle created via the "extra" Hopf bifurcation corresponding to n 2 = 3. The retrieved cycle corresponds to none of them. We argue that this retrieved cycle may be the transient oscillation described by Pakdaman et al and others [44, 29, 30] , and it may be the consequence of the competition among the attracting limit cycle, the unstable limit cycle and the saddles and nodes.
Conclusions and Discussions.
In summary, in this paper, we have systematically studied retrieval of admissible cycles in Hopfield-type networks with and without delay. In the networks with the C 0 , β parameter values appropriately chosen and the delay time τ sufficiently large in comparison to the time span of the onset/offset transients, we proved that any admissible cycle is retrievable. In terms of the linear stability analysis, we decompose each of the characteristic equations (3.6) and (3.7) into a product of N factors, each corresponds to an n i index in characteristic equation, which is an integer between 0 and p − 1. Based on this decomposition, we obtained a scenario of all possible local bifurcations of the trivial solution for every network constructed from an admissible cycle. Clearly, the scenario is determined by the prescribed admissible cycle in terms of its structural features by selecting the n i indices appearing in the characteristic equations (3.6) and (3.7). In [61] , we have explained how an admissible cycle determines which N integers among those from 0 to p − 1 are chosen to be the n i indices. Since these n i indices determine the arrangement of the curves of characteristic roots with zero real part, which provides a scenario of all possible local bifurcations of the trivial solution, the prescribed cycle determines the structure of the local bifurcations of the trivial solution with its structural features by "selecting" the n i indices. In the context of networks of coupled oscillators, a similar idea has been used in determining stability of the synchronized oscillations [46, 43, 58] . In [61] , we have demonstrated a possible extension of our study to networks of coupled oscillators in a network of spiking neurons with bistable membrane behavior and postinhibitory rebound.
Using the MatLab packages, MatCont 3.1 and DDE-BIFTOOL 2.03, for numerical continuations and bifurcation analysis, we showed that addmissible cycles are stored and retrieved in the networks as different objects. Anti-symmetric simple MC-cycles with N = p/2 are stored and retrieved as the attracting limit cycles bifurcating from the trivial solution via the "principal" Hopf bifurcation. Antisymmetric cycles of period two are stored and retrieved as the unstable periodic solution bifurcating from the trivial solution via the "extra" Hopf bifurcation corresponding to the index n i = p/2, and the unstable periodic solution stays in the one-dimensional subspace corresponding to the symmetric diagonal {u ∈ R N | u = (u, −u, u, . . . , u) T , if N is odd; and u = (u, −u, u, . . . , −u) T , if N is even, with u ∈ R } in the phase space of the network. The rest admissible cycles are stored and retrieved as the long lasting transient oscillations. For τ sufficiently large, the transient oscillation last practically forever.
While theoretical investigations [54, 24, 44] suggested that solution trajectories of excitatory unidirectional ring networks should in general eventually converge to stable equilibria, numerical simulations usually show long lasting oscillatory patterns [44] . Pakdaman et al and many others [44, 29, 30] have studied such long lasting transient oscillations and their properties in details. It has been shown that such long lasting transient oscillations do not exist in the networks without delay, and can not be explained by the asymptotic dynamics of the networks with delay. In this paper, we illustrated that many admissible cycles are stored and retrieved in the networks with delay as transient oscillations, and based on the observations from the bifurcation analysis and numerical continuation computations of both the stable/unstable equilibrium solutions and periodic solutions, we conjecture that the transient oscillations are consequence of the interactions among the attracting limit cycle, unstable periodic solutions and equilibrium solutions. To clarify how the interactions among the stable/unstable periodic solutions and stable/unstable equilibrium solutions shape the long lasting transient oscillations would be a very interesting future direction to extend our study on storage and retrieval of cyclic patterns representing phase-locked oscillations discussed in this paper.
Cyclic patterns of neuronal activity in animal nervous systems are partially responsible for generating and controlling rhythmic movements from locomotion to gastrointestinal musculature activities. Neural networks of relatively small sizes that can produce cyclic patterned outputs without rhythmic sensory or central input are called central pattern generators (CPGs). So far, different models have been proposed to account for the underlying mechanisms of generation of the rhythmic activities [22, 15, 2, 23] . Among them, half-center oscillator is one of the most widely used models for studying CPGs [41, 37, 23, 62] , ring network model is another one [12, 18, 23] . It has been shown that the classical half-center oscillator can be viewed as a limit cycle oscillator [10] , so is the ring networks. During the past few decades, limit-cycle oscillators have played key roles in understanding the rhythmogenesis in animal CPG networks [2, 11, 21, 33, 52] . Recently, transient dynamics has been suggested to take important roles in generating cyclic patterns [49] , and stable heteroclinic channels [50, 32] , or stable heteroclinic sequences [1] . In this paper, we have illustrated that cyclic patterns except for those with special symmetric structures are stored and retrieved as transient oscillations, and those long lasting transient oscillations may be shaped by the interactions among the attracting limit cycle, unstable periodic solutions, saddles and nodes. Since by cyclically identifying stable submanifold of one saddle or hyperbolic periodic solution with the unstable submanifold of the other, a heteroclinic channel may be constructed, the interactions among the stable/unstable periodic solutions and stable/unstable equilibriam solutions may create heteroclinic channels, and some long lasting transient oscillations may correspond to such heteroclinic channels.
